26.1
26.2
26.3
26.4
26.5
26.6

Chapter 2

Proofs Answers

Direct Proof
Counterexample

Proof by Contradiction
Proof by Contrapositive
Proof by Induction
Review of Proofs

Proofs Answers

1



Exercise 26.1A

Throughout this exercise it is assumed that k, j € Z.

1.

11.
13.
15.

17.

2 Proofs Answers

m=2kandn=2j+1
Thenm +n = (2k) + (2] + 1)
= 2(k +j) + 1 which is odd.

m=2k
Then 9m —4 = 9(2k) - 4
= 2(9k — 2) which is even.

m=2k+landn=2+1 &
Then mn = (2k + 1)(2j + 1)
=4kj + 2k + 2j + 1

= 2(2kj + k +j) + 1 which is odd.

m=2k+1

Then m® = (2k + 1)}

=8k + 12k? + 6k + 1

= 2(4k* + 6k? + 3k) + 1 which is odd.

n=2j+1
Thenn? +1=(2j + 1> + 1
=42+ 45+ 2

= 2(j? + 2j + 1) which is even.

n=2j+1
Thenn-5=(2j+1)-5
= 2(j — 2) which is even.

m=2k+1andn=2j
Thenm®+n®—1=(2k+ 173+ (2)?-1
=8k + 12k* + 6k + 1 + 42 -1

= 2(4k® + 3k2 + 3k + 2j) which is even.

n=2

Then n? - 5n = (2j)* - 5(2j)
= 8° - 10j

= 2(45% - 5j) which is even.

n=2j+1

Thenn?-1=(2j +1)2-1

= 47 + 4§

= 4(j% + j) which is divisible by 4.

22 m=2k+Tandn=2j+1
Thenm +n=@2k+ 1)+ (2j + 1)

= 2(k +j + 1) which is even.

4. m=2k+1
Then m? = (2k + 1)?
=4k? + 4k + 1
= 2(2k? + 2k) + 1 which is odd.

m=2kandn=2j+1

Then mn = (2k)(2j + 1)
=4kj + 2k + 2j + 1
= 2(2kj + k +j) + 1 which is even.

8. m=2k
Then m? + 3m = (2k)? + 3(2k)
= 4k? + 6k
= 2(k? + 3k) which is even.

10. n=2j+1
Then 3n? = 3(2j + 1)
=12k + 12k + 3
= 2(6k? + 6k + 1) + 1 which is odd.

12 m=2k+1andn=2j+1
Then m? + n? = (2k + 1)2 + (2] + 1)?
=4k + 4k + 1 + 452 + 45 + 1
= 2(2k? + 2k + 2j% + 2j + 1) which is even.

14. n=2j+1
Thenn®-n=@2j+1P-(2j+1)
=8P+ 127+ 6+ 1-(2j + 1)
= 2(4j% + 652 + 2j) which is even.

16. m=2k+1andn=2j

Then 2m? + 3n = 2(2k + 1)? + 3(2j)
=8k2+8k+2+ ¢

= 2(4k% + 4k + 1 + 3j) which is even.

18, n=2j+1

Thenn?-1=(2j +1)2-1
=42 + 4
=4+ 1)



JjG + 1) is the product of two consecutive integers
and can be represented by 2m, m € Z.

= 4(2m)

= 8m which is divisible by 8

Exercise 26.1B

Throughout this exercise it is assumed that k, m € Z.

1. v=kuandw=mv 2. v=2kandw=3m
Thenv +w =ku + mv Then vw = (2k)(3m)
= ku + m(ku) = 6(km) which is divisible by 6.

= u(k + mk) which is divisible by u.

3. b=kaandc=mb 4. b=kaandd=mc
Thenc=mb Then bd = (ka)(mc)
= m(ka) = (ac)(km) which is divisible by ac.

= a(mk) which is divisible by a.

5. b=ka 6. b=ka
Then bc = (ka)c Then bx = (ka)x
= a(kc) which is divisible by a = a(kx) which is divisible by a.
Or
Ifc=ma

Then bc = b(ma)
= a(bm) which is divisible by a.

Exercise 26.2

There may be alternative solutions to these counterexamples. Provided is one possible answer.

1. x =9 is between 2 and 11 but is not prime

2. 2+ 4 = 6is the sum of a prime number and an even integer, but the answer is not odd
3. p=11,q=28,then 11 - 8 = 3 which is a prime number

4. x=4,then 42+ 4 + 5 = 25 which is not prime

5. x =3, then 3* + 1 = 82 which is not prime

6. 2+ 3 =5is the sum of two prime numbers, but the answer is not even
7. x = 2,then 2 + 2 = 4 which is not prime

8. x =2, 2is notdivisible by 4, however 22 = 4 which is divisible by 4

9. x=-1since -4 # -3

10. x =0,since 0+ 02 # 0

11. x = =1 since \/W = -1

12. x =3since 2 x 2 # 23
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13. x = 1since 12 # 1

14. x = =3 since (-3 + 3)? # (-3)?

15. a=1,b=-1since 12 # (-1)?

16. x = 30,y = 60 since sin(30 + 60) # sin 30 + sin 60

17. x = 1sincee™® 20

18. An equilateral triangle does not have any obtuse angles
19. The linesy = 2x + 3 and y = 2x — 6 are parallel, not
perpendicular

20. n =11 produces 2047 = 23 x 89 as is therefore not prime

Exercise 26.3A

Throughout this exercise it is assumed that k, j € Z.
1. Contradiction statement: ‘Assume mn is odd, then either
mornis even’
m=2kandn=2j+ 1
Then mn = (2k)(2j + 1)
= 4kj + 2 = 2(2kj + 1) which is even.
This is a contradiction to the assumption, therefore the

original statement must be true.

2. Contradiction statement: ‘Assume m? + n? is odd, then
both m and n are even’

m=2kandn = 2j

Then m? + n? = (2k)? + (2j)?

= 4k? + 4% = 2(4j% + 4% which is even.

This is a contradiction to the assumption, therefore the
original statement must be true.

3. Contradiction statement: ‘Assume mn is even, then both
m and n are odd’
m=2k+1andn=2j+1
Thenmn = (2k + 1)(2j + 1)
= 4kj + 2k + 2j + 1 = 2(4kj + k +j) + 1 which is odd.
This is a contradiction to the assumption, therefore the

original statement must be true.

4. Contradiction statement: ‘Assume m —n is odd, then m
and n are both even’
m=2kandn=2j
Then m —n = (2k) - (2j)
= 2(k —j) which is even.
This is a contradiction to the assumption, therefore the

original statement must be true.

Contradiction statement: ‘Assume that if m and n are

consecutive integers, then m + n is even’
m=2kandn =2k +1

Thenm +n=(2k) =2k + 1)

=4k + 1 = 2(2k) + 1 which is odd.

This is a contradiction to the assumption, therefore the

original statement must be true.

Contradiction statement: ‘Assume that if m and n are 2
non-zero consecutive integers then mn is odd’

m = 2k and n = 2k + 1, then m, n are consecutive integers
Then mn = (2R)(2k + 1)

= 4k? + 2k = 2(2k? + k) which is even.

This is a contradiction to the assumption, therefore the
original statement must be true.

Exercise 26.3B

Throughout this exercise it is assumed thata, be Nand k € Z.

1.

(a)

(b)

Assume that V2 is rational.

= a
Then V2 = = where a and b have no common factors.

aZ
2=
2b? = a?

This implies that a? is a multiple of 2, which means that a
is a multiple of 2 > a = 2k

2b? = (2k)?
2b? = 4k?
b? = 2k?

This implies that b? is also a multiple of 2. And in turn,
that b is a multiple of 2.

We now have that both a and b are multiples of 2. This
contradicts the assumption that a and b have

no common factors. Our assumption must be false and
the original statement is proven true.

Assume that V5 is rational.

— a
Then 5 = = where a and b have no common factors.

a2
>
5b7 = a2

This implies that a? is a multiple of 5, which means thata
is a multiple of 5 = a = 5k

5b? = (5k)?
5b% = 25k?
b? = 5k?

This implies that b? is also a multiple of 5. And in turn,
that b is a multiple of 5.
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(c)

(d)

(e)

We now have that both a and b are multiples of 5. This
contradicts the assumption that a and b have

no common factors. Our assumption must be false and
the original statement is proven true.

Assume that V7 is rational.

Then V7 =2 where a and b have no common factors.
aZ

7= E

7b? =a?

This implies that a? is a multiple of 7, which means that a
is a multiple of 7 > a = 7k

7b? = (7k)?
7b? = 49k?
b? = 7k?

This implies that b? is also a multiple of 7. And in turn,
that b is a multiple of 7.

We now have that both a and b are multiples of 7. This
contradicts the assumption that a and b have

no common factors. Our assumption must be false and
the original statement is proven true.

Assume that v 11 is rational.

Then 11 = % where a and b have no common factors.
1" =Z—2

116% = a?

This implies that a? is a multiple of 11, which means thata
is a multiple of 11 = a = 11k

1162 = (11k)?

1Mb? = 121k?

b? = 11k2

This implies that b? is also a multiple of 11. And in turn,
that b is a multiple of 11.

We now have that both a and b are multiples of 11. This
contradicts the assumption that a and b have

no common factors. Our assumption must be false and

the original statement is proven true.

Assume that ¥ 13 is rational.

Then v 13 = % where a and b have no common factors.

b

This implies that a? is a multiple of 13, which means thata
is a multiple of 13 = a = 13k

13b? = (13k)?

13b? = 169k?

b? = 13k?

This implies that b? is also a multiple of 13. And in turn,

U}

(h)

that b is a multiple of 13.

We now have that both a and b are multiples of 13. This
contradicts the assumption that a and b have

no common factors. Our assumption must be false and
the original statement is proven true.

Assume that v 17 is rational.

Then V17 =% where a and b have no common factors.

This implies that a? is a multiple of 17, which means that a
is a multiple of 17 = a = 17k

17b2 = (17k)?

17b% = 289k?

b? = 17k?

This implies that b? is also a multiple of 17. And in turn,
that b is a multiple of 17.

We now have that both a and b are multiples of 17. This
contradicts the assumption that a and b have

no common factors. Our assumption must be false and
the original statement is proven true.

Assume that v 19 is rational.

Then v 19 = £ where a and b have no common factors.
aZ

19 = »

19b% = a2

This implies that a? is a multiple of 19, which means thata

is a multiple of 19 = a = 19k

19b? = (19k)?

19b? = 361k?

b? = 19k2

This implies that b? is also a multiple of 19. And in turn,

that b is a multiple of 19.

We now have that both a and b are multiples of 19. This

contradicts the assumption that a and b have

no common factors. Our assumption must be false and

the original statement is proven true.

Assume that vV 23 is rational.

Then v 23 = % where a and b have no common factors.

b

This implies that a? is a multiple of 23, which means thata
is a multiple of 23 = a = 23k

23b% = (23k)?
23b? = 529k?
b? = 23k?
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This implies that b? is also a multiple of 23. And in turn,

that b is a multiple of 23.

We now have that both a and b are multiples of 23. This
contradicts the assumption that a and b have

no common factors. Our assumption must be false and

the original statement is proven true.

3 —
(a) Assume that V2 is rational.

3 —
Then V2 = % where a and b have no common factors.
a3
2=
2b3 =ad

This implies that a® is a multiple of 2, which means that a
is a multiple of 2 > a = 2k

2b° = (2k)?

2b® = 8k*

b3 = 4k’ = 2(2k?)

This implies that b* is also a multiple of 2. And in turn,
that b is a multiple of 2.

We now have that both a and b are multiples of 2. This
contradicts the assumption that a and b have

no common factors. Our assumption must be false and

the original statement is proven true.

3 —
(b) Assume that V3 is rational.

3 —
Then V3 = % where a and b have no common factors.
a3
3=
3 =ad

This implies that a® is a multiple of 3, which means thata
is a multiple of 3 = a = 3k

3b° = (3k)*

3b% = 27k*

b* = 9k3 = 3(3k%)

This implies that b* is also a multiple of 3. And in turn,
that b is a multiple of 3.

We now have that both a and b are multiples of 3. This
contradicts the assumption that a and b have

no common factors. Our assumption must be false and

the original statement is proven true.

3 —
() Assume that /5 is rational.

53— a
Then 5 = = where a and b have no common factors.

b

This implies that a® is a multiple of 5, which means that a
is a multiple of 5 = a = 5k

5b° = (5k)?

(d)

(e)

(f)

5b® = 125k3

b® = 25k* = 5(5k%)

This implies that b® is also a multiple of 5. And in turn,
that b is a multiple of 5.

We now have that both a and b are multiples of 5. This
contradicts the assumption that a and b have

no common factors. Our assumption must be false and

the original statement is proven true.

3 —
Assume that v 6 is rational.

53— a
Then v 6 = = where a and b have no common factors.

a3
6=
6b* = a?

This implies that a® is a multiple of 6, which means thata
is a multiple of 6 = a = 6k

6b° = (6k)

6b® = 216k*

b® = 36k* = 6(6k%)

This implies that b® is also a multiple of 6. And in turn,
that b is a multiple of 6.

We now have that both a and b are multiples of 6. This
contradicts the assumption that a and b have

no common factors. Our assumption must be false and

the original statement is proven true.

4
Assume that ¥ 2 is rational.

Y= a
Then V2 = = where a and b have no common factors.

at b
2=
2b* =a*

This implies that a* is a multiple of 2, which means thata
is a multiple of 2 = a = 2k

2b* = (2k)*

2b* = 16k*

b* = 8k* = 2(4k%)

This implies that b* is also a multiple of 2. And in turn,
that b is a multiple of 2.

We now have that both a and b are multiples of 2. This
contradicts the assumption that a and b have

no common factors. Our assumption must be false and
the original statement is proven true.

4 —
Assume that V3 is rational.

Y= a
Then V3 = = where a and b have no common factors.

a4
T
3b* =a*

This implies that a* is a multiple of 3, which means that a

is a multiple of 3 = a = 3k
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(9)

(h)

(a)

3b* = (3k)*

3b* = 81k*

b* = 27k* = 3(9k%)

This implies that b* is also a multiple of 3. And in turn,
that b is a multiple of 3.

We now have that both a and b are multiples of 3. This
contradicts the assumption that a and b have

no common factors. Our assumption must be false and

the original statement is proven true.

4 —
Assume that V5 is rational.

‘= a
Then 5 = = where a and b have no common factors.

a4
> e
5b = ot

This implies that a* is a multiple of 5, which means that a
is a multiple of 5 = a = 5k

5b* = (5k)*

5b* = 625k*

b* = 125k* = 5(25k")

This implies that b* is also a multiple of 5. And in turn,
that b is a multiple of 5.

We now have that both a and b are multiples of 5. This
contradicts the assumption that a and b have

no common factors. Our assumption must be false and
the original statement is proven true.

4 —
Assume that v 6 is rational.

f— a
Then v 6 == where a and b have no common factors.

a b
6=l
6b* = a*

This implies that a* is a multiple of 6, which means that a
is a multiple of 6 = a = 6k

6b* = (6k)*

6b* = 1296k*

b* = 216k* = 6(36k*)

This implies that b* is also a multiple of 6. And in turn,
that b is a multiple of 6.

We now have that both a and b are multiples of 6. This
contradicts the assumption that a and b have

no common factors. Our assumption must be false and
the original statement is proven true.

Assume that 513 is rational.

Then 5V 3 = % where a and b have no common factors
anda,beN.

J3=%

This is a contradiction since we know that v 3 is irrational,

(b)

()

(d)

(e)

)

a . .
butasa, b €N, then — is rational.

Our assumption must be false and the original statement
is proven true.

Assume that 247 is rational.
- a
Then 2V 7 = = where a and b have no common factors
anda, beN.
- a
V7 =+-
This is a contradiction since we know that v 7 is irrational,
a . .
butasa, b €N, then — is rational.
Our assumption must be false and the original statement

is proven true.

Assume that 2 11 is rational.

Then 2 11 = a_b where a and b have no common factors
anda, beN.

J11=§Z B

This is a contradiction since we know thaty 11 is
irrational, but as a, b € N, then éLb is rational.

Our assumption must be false and the original statement
is proven true.

Assume that 4V 2 is rational.

Then 44 2 = % where a and b have no common factors

b
anda, beN.
—~ a
J2_4b

This is a contradiction since we know that v 2 is irrational,
a . .

butasa, b eN, then 4_b is rational.

Our assumption must be false and the original statement

is proven true.

Assume that 4 + + 3 is rational.

Then 4 + \/E =2 Where a and b have no common factors

b
anda, beN.
- a a-4b
=2 _gqp=+"—=
V3 , 4 )

This is a contradiction since we know that v 3 is irrational,

butasa-4b, b e Z, then a-4b is rational.

Our assumption must be false and the original statement

is proven true.

Assume that 1 ++ 5 is rational.

Then 1+ 5 = £ where a and b have no common factors

b
anda, beN.
— -b
J5=“b
This is a contradiction since we know that 5 is irrational,
-b . .
butasa-b,be Z, then 2 is rational.

Proofs Answers
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(9)

(h)

(a)

(b)

Our assumption must be false and the original statement
is proven true.

Assume that 8 + 2V 3 is rational.

Then 8 + 25 = % where a and b have no common

factors and a, b € N.

— a-8b
Vs = 2b _
This is a contradiction since we know that 5 is irrational,
but asa - 8b, 2b € Z, then 2 _Zib is

rational.

Our assumption must be false and the original statement
is proven true.

Assume that 9 + 3 11 is rational.

Then 9 + 3V 11 = % where a and b have no common

factors and a, b € N.

Y -9
J11 =12
3b o
This is a contradiction since we know thatV 11 is
irrational, but as a — 9b, 3b € Z, then a —39bb is

rational.
Our assumption must be false and the original statement

is proven true.

Assume log,3 is rational.

a
Then log,3 = — where a and b have no common factors

b
anda, b eN.
2v=3
2a=3b

This is a contradiction since 2 and 3 are prime numbers,
so there is no integer power of 3 equal to an integer
power of 2.

Our assumption must be false and the original statement
is proven true.

Assume log,10 is rational.

Then log,10 = £ Where a and b have no common factors

b
anda, beN.
31=10
30=100
3= (2 x 5
3a = Qb x 5b

This is a contradiction since 3% is odd, but 2° x 5 is even.
Our assumption must be false and the original statement

is proven true.

Proofs Answers

(c)

(d)

(e)

(f)

(9)

Assume log,7 is rational.

Then log,7 = % where a and b have no common factors
anda,beN.

4y =7

4o =7b

This is a contradiction since 4¢ is even, but 7¢ is odd.

Our assumption must be false and the original statement

is proven true.

Assume log,6 is rational.
a
Then log6 = b where a and b have no common factors

anda, beN.

5,=6
50 = g
5= (2 x 3
5e=20x 3

This is a contradiction since 5 is odd, but 2° x 3 is even.
Our assumption must be false and the original statement

is proven true.

Assume log,8 is rational.

a
Then log,8 = — where a and b have no common factors

b
anda, beN.
3b=8
3a = 8b
30 = (23)
3a = 23b

This is a contradiction since 3¢ is odd, but 2% is even.
Our assumption must be false and the original statement

is proven true.

Assume log,5 is rational.

Then log,5 = % where a and b have no common factors
anda,beN.

2v=5

20 =5b

This is a contradiction since 2¢ is even, but 5% is odd.

Our assumption must be false and the original statement

is proven true.

Assume log,11 is rational.

Then log,11 = % where a and b have no common factors
anda,beN.

3% =11

3=11b




This is a contradiction since 3 and 11 are prime numbers,
so there is no integer power of 11 equal

to an integer power of 3.

Our assumption must be false and the original statement

is proven true.

(h) Assume Iogz13 is rational.

Then log,13 = £ \Where a and b have no common factors
anda, beN.

25 =13

20=13"

This is a contradiction since 29 is even, but 13% is odd. 2
and 13 are prime numbers, so there is no integer power
of 13 equal to an integer power of 2.

Our assumption must be false and the original statement

is proven true.

Exercise 26.4A

In this exercise it is assumed thatn, k € Z.

1.

Contrapositive: ‘If n is odd, then n? is odd’

n=2k+1
n?=(2k + 1)?
=4k? + 4k + 1

= 2(2k? + 2k) + 1 which is odd.

Contrapositive is true therefore original statement is true.
Contrapositive: ‘If n is even, then n? + 1 is odd’

n=2k

n?+ 1 = (2kP + 1

= 4k? + 1

= 2(2k?) + 1 which is odd.

Contrapositive is true therefore original statement is true.
Contrapositive: ‘If n is even, then 7n + 1 is odd’

n=2k

In+1=7(2k) +1

=14k +1

= 2(7k) + 1 which is odd.

Contrapositive is true therefore original statement is true.

Contrapositive: ‘If n is even, then n? is even’

n=2k

n? = (2k)? = 4k?

= 2(2k? which is even.

Contrapositive is true therefore original statement is true.
Contrapositive: ‘If n is even, then n® is even’

n =2k
n® = (2k)®

10.

11.

= 8k3
= 2(4k3) which is even.

Contrapositive is true therefore original statement is true.

Contrapositive: ‘If n is odd, then n® is odd’
n=2k+1

n®=(2k + 1)* = 8k* + 12k? + 6k + 1

= 2(4k3 + 6k? + 3k) + 1 which is odd.

Contrapositive is true therefore original statement is true.

Contrapositive: ‘If n is odd, then 3n? - 5 is even’
n=2k+1

3n?-5=3(2k+1)2-5

=12k* + 12k -2

= 2(6k? + 6k — 1) which is even.

Contrapositive is true therefore original statement is true.

Contrapositive: ‘If n is even, then n? — 3n - 3 is odd’
n=2k

n?-3n-3=(2k)*-3(2k) - 3

= 4k? - bk -3

= 2(2k? — 3k = 1) = 1 which is odd.

Contrapositive is true therefore original statement is true.

Contrapositive: ‘If only one of n, m is odd, then n + m is
odd’

m=2k+1,n=2j

m+n=2k+1)+2

= 2(2kj +j) + 1 which is odd.

Contrapositive is true therefore original statement is true.

Contrapositive: ‘If only one (or none) of m, n is odd, then
mn is even’

Letm=2k+1,m=2j+1

mn = (2k + 1)(2j + 1)

=4kj + 2k + 2j + 1

= 2(2kj + k +j) + 1 which is odd.

Contrapositive is true therefore original statement is true.

Letm =2k, n=2j

mn = (2k)(2j)

= 4kj

= 2(2kj) which is even.

Contrapositive is true therefore original statement is true.

Contrapositive: ‘If n, m are both odd, then nm is odd’
Letm=2k+1,m=2j+1

mn = 2k + 1)(2j + 1)

=4kj + 2k + 2j + 1

= 2(2kj + k +j) + 1 which is odd.

Contrapositive is true therefore original statement is true.

Proofs Answers 9



Exercise 26.4B

In this exercise it is assumed thata, b € Z.

1.

(a) Contrapositive statement: ‘If both a < 3 and b < 3, then
a+b<b
Since they are integers, thena <2 and b < 2
>a+b<4
>a+b<5
The contrapositive is true, which means that the original
statement is also proven true.

(6) Contrapositive statement: ‘If both a < 8 and b < 8, then
a+b<15
Since they are integers, thena <7 and b <7
>a+bs<14
=>a+b<15
The contrapositive is true, which means that the original

statement is also proven true.

(c) Contrapositive statement: ‘If both a < 9 and b < 9, then
a+b<17'
Since they are integers, thena <8 and b < 8
>a+bs<16
=>a+b<17
The contrapositive is true, which means that the original
statement is also proven true.

(d) Contrapositive statement: ‘If both a < 14 and b < 14, then
a+b<27
Since they are integers, thena < 13 and b < 13
>a+b<26
>a+b<27
The contrapositive is true, which means that the original

statement is also proven true.

(e) Contrapositive statement: ‘If both a < 11 and b < 11, then
a+b<21
Since they are integers, thena < 10 and b < 10
=>a+b=<20
S>a+b<21
The contrapositive is true, which means that the original

statement is also proven true.

() Contrapositive statement: 'If both a < 16 and b < 16, then
a+b<31
Since they are integers, thena < 15and b < 15
=>a+b<30
=>a+b<31
The contrapositive is true, which means that the original
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(h)

(i

(a)

(b)

(c)

statement is also proven true.

Contrapositive statement: ‘If both a < 21 and b < 21, then
a+b<41

Since they are integers, then a < 20 and b < 20
=>a+b<40

>a+b<4

The contrapositive is true, which means that the original

statement is also proven true.

Contrapositive statement: ‘If both a < 25 and b < 25, then
a+b<49

Since they are integers, thena < 24 and b < 24
=>a+b<48

=>a+b<49

The contrapositive is true, which means that the original

statement is also proven true.

Contrapositive statement: ‘If both a < 27 and b < 27, then
a+b<53

Since they are integers, then a < 26 and b < 26
=>a+bs<52

=>a+b<53

The contrapositive is true, which means that the original
statement is also proven true.

Contrapositive statement: ‘If x = 10, then x* - 7x? + x - 7
20

Sub x = 10 into the equation

10°-7(102+10-7 =303 20

The contrapositive is true, which means that the original
statement is also proven true.

Contrapositive statement: ‘If x = 2, then x® + x2 - 17x + 5
=0

Sub x = 2 into the equation

224+ (22-17(2)+5=-17 20

The contrapositive is true, which means that the original

statement is also proven true.

Contrapositive statement: ‘If x = 4, then x> — 5x? + 5x —
250

Sub x = 4 into the equation

43 -5(4)? +5(4)-25=-21=%0

The contrapositive is true, which means that the original

statement is also proven true.

Exercise 26.5A

1.

Show true forn =1

1
LHS = Y11+ 1)=2

r=1




RHS——( T+ 11 +2)=2

So result is true whenn =1

Assume true forn =k
k
Srlr+ 1) = Sk + Dk + 2

r=1
Show also true forn =k + 1

Aim:kfr(r +1) = %(k + Mk +1)+NDk+1)+2)

r=1

(k+ Nk + 2)k + 3)

~
+

r+1)= ir(r+1)+(k+1)((k+1)+1)

r=1

~
]

Rk + Nk +2)+(k+ Nk +2)

(k + 2)(k + 2k + 3]

WmWmw|=T W

(k + Nk + 2)(k + 3) as required.

If the statement is true for n = k, then it is true for
n="Fk+ 1. Since it is true forn = 1, by induction it is true

for all positive integers n.

Show true forn =1

LHS = i1(1 +3)=

RHS —_( 1T+ 1(1+5) =4
So result is true whenn =1
Assume true forn = k

ir(r +3) = %k(k + 1)(k + 5)

r=1
Show true forn =k + 1

Aim:kgr(r +3)= %(k + )k + 1)+ 1)(k+1)+D5)

r=1

= l(k + Nk + 2)(k + 6)

r+3) ZT(Y+3)+(k+1)((k+1)+3)

<

I\MT

k(R + Nk +5) + (k + 1)k + 4)

(R + N[k(k + 5) + 3(k + 4)]

(kR + 1)[kR?* + 8k + 12]

Wimwl—mwl=w =

(k + Nk + 2)(k + 6) as required.

If the statement is true for n = k, then it is true for
n="Fk+ 1. Since itis true forn = 1, by induction it is true
for all positive integers n.

Show true forn = 1

LHS = 121 -1)=1

RHS = ( )+ 1)(4(1)—1) 1

So result is true whenn =1

Assume true forn =k
k
Zr(Zr—‘I)=%k(k+ 14k - 1)
r=1
Show true forn =k + 1
k+1
Aim: Zr(2r—’|)=%(k+ Nk + 1) + 1)@ + 1)—1)=%(k
+ 1)(k'=+1 2)(ak + 3)

B

M+

r2r-1) irZr—'l +k+NDR2Ek+1)-1)
r=1

~
[

—\O\|—\O~|—‘0\|—\“

kR + N4k -1+ (k+ 12k + 1)

(k + N[k(4k - 1) + 6(2k + 1)]

(k + 1)[4k2 + 11k + 6]

= Z(k + 1)k + 2)(4k + 3) as required.

If the statement is true for n = k, then it is true for
n="Fk+ 1. Since itis true forn = 1, by induction it is true

for all positive integers n.

Show true forn =1

LHS = i1(3(1)- =2
RHS = (17201 + 1) = 2

So result is true whenn =1
Assume true forn = k

ir(3r— 1) =k + 1)

r=1

Show true forn =k + 1
k+1
Am: YXr@r-1)=(k+ 1k +1)+1)=(k+ 172k + 2)

r=1

k+1 k
Zr@r=1)= ZrEr-1+ (e+ Nk + 1 -1)
r=1

=1
Rk+1)+k+13Bk+2)

=(k + Nk? + 3k + 2)]
=k + Nk + Nk +2)]
= (k + 1)%(k + 2) as required.

If the statement is true for n = k, then it is true for
n=k+ 1. Since itis true for n = 1, by induction it is true

for all positive integers n.

Show true forn = 1

LHS = i1(1 + N1 +2)=6

RHS = %(1)(1 + 1)1 +2)(1+3)=

So result is true whenn =1

Assume true forn =k
Z rir+ N)r+2) = —k(k + 1)k + 2)(k + 3)

r=1
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Show true forn =k + 1
k+1

Aim: Yr(r + 1)(r + 2)

r=1

=%(k N+ e+ 1)+ 2(E+ 1) +3)
= %(k + Nk +2)k + 3)k + 4)
Trtr+ 16+
= i]r(r+ N +2)+ e+ Ditk+ 1)+ 1k + 1) + 2]
=%k(k + )k + 2k +3) + (k+ 1k + 2k + 3)
=%k + 2)(k + 2)(k + 3)[k + 4]

1

= (k + 1)k + 2)(k + 3)(k + 4) as required.

If the statement is true for n = k, then it is true for
n=k+ 1.Since itis true for n = 1, by induction it is true
for all positive integers n.

6. Show true forn =1
1
LHS = Y11+ 1)(1 +5) =12

r=1

RHS = %(1)(1 + N1 +2)(1+7)=12

So result is true whenn =1

Assume true forn =k
k

Yr(r+ 1) +5) = %k(k + Nk +2)k+7)

r=1
Show true forn =k + 1
k+1
Aim: 2 (r+1)(r+5) (k+‘|)((k+‘|)+1)((k+1)+2)
(R + 1) + 7) = —(k + 1)(k + 2)k + 3)(k + 8)

1

rir + 1)(r + 5)

~
+

*
I

e+ Nr+5)+ &+ N(k+1)+1(k+1)+5)

EM»

Rk + Nk +2)k+7)+ (k+ 1k + 2)(k + 6)

(k+ Nk + 2kk + 7) + 4(k + 6)]

(k + 1)k + 2)[k? + 11k + 24]

N N SN

(k + 1)k + 2)(k + 3)(k + 8) as required.

If the statement is true for n = k, then it is true for
n="Fk+ 1. Since it is true forn = 1, by induction it is true

for all positive integers n.

7. Show true forn =1
1
LHS = Y (1) =1 RHS=%(1)(1+1)=1

r=1
So result is true whenn = 1
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Assume true forn =k
- %k(k 1)

M=

1

Show true forn =k +1

Aim: Zr k+1)((k+1)+1)=%

= Z(r)+(k+1)

r=1

kk+ 1)+ (k+1)

k+ 1)k +2)

~
+

1

—
=
-

-
]

I—‘NI—‘NI—‘*

k+ Nk + 2]
(k + Nk + 2) as required.
|f the statement is true for n = k, then it is true for

n ="k + 1.Since it is true forn = 1, by induction it is true

for all positive integers n.

Show true forn =1
1
LHS = Y 12=1 RHS=1(1)(1 + 12N +1)=1

r=1
So result is true whenn = 1

o~

Assume true forn = k

irz = %k(k + N2k + 1)

r=1

Show true for n=~k+1
k+1

Aim: Zrz——k+ Nk+1)+ND2k+1)+1)

r=1

%k + Nk + 2)(2k + 3)

=~
+

k
r=Yr+k+1)?
r=1

kR + N2k + 1) + (k + 1)

‘,
1l

(R + DkEE + 1) + 6(k + 1)]

I—‘0~I—‘0~I—‘0~I—‘

(k + 1)[2k? + 7k + 6]

(k + Nk + 2)(2k + 3) as required.

If the statement is true for n = k, then it is true for
n=Fk+ 1. Since itis true forn = 1, by induction it is true

for all positive integers n.

Show true forn =1

1
LHS = Y13 =1 RHS = (121 + 1)? = 1

r=1

N

So result is true whenn = 1
Assume true forn = k

k
Yr= %kz(k + 1)

r=1

Show true forn =k + 1

k+1

Aim: Y r? =lk + 12k + 1) + 1) =%(k + 1)k + 2)?
r= 1

k+1

Yri= Zr3 +(k+ 1)



10.

11.

Rk + 12+ (k + 1)

(kR + 1)k? + 4(k + 1)]

(k+ 1)k + 2)k + 2)]

|~4>|44>|A4>|~

(k + 1)k + 2)? as required.

If the statement is true for n = k, then it is true for
n="Fk+ 1.Since itis true forn = 1, by induction it is true

for all positive integers n.

Show true forn =1
1
LHS = 2121-1)—0
RHS = 12(1)(12— NEM-1=0

So result is true whenn =1

Assume true for n=~k

Zrzr— 1= —k(kz— 13k + 2)

Show true forn = k +1
k+1
Aim Zrzr—1 = _(k + 1k + 1) -
= —k(k + Nk + 2)(3k + 5)
k+1

2rir=1)
- ik(k- Nk + )Gk + 2) +

NEEk+1)+2)

= er(r- N+ k+DAk+1)-1)
(k + 1)(k)

11—2k(k + Dk —MBk+2) +12(k + 1)]

—2 k(k + N[3k? + 11k + 10]

= ,|1—2k(k + 1)(k + 2)(3k + 5) as required.

If the statement is true for n = k, then it is true for
n=k+ 1. Since itis true forn = 1, by induction it is true

for all positive integers n.

Show true forn=1
LHS = 2312—1)-
RHS = (1 —'I)( 1+1)=0
So result is true whenn =1

Assume true forn =k

k

Y3(r?—r)= (k- Nk(k + 1)
r=1

Show true forn =k + 1

k+1
Aim: 3302 —1) = (k + 1) = 1)k + Dk + 1) + 1)
— Rk + Nk +2)

2—7) + 3[k+ 12— (k + 1)]

$36°-1 = $36°
r=1 r=1
=(k-"1kk+1)+3[(k+1)?-(k+1)]

12.

=(k—"Nkk+1)+3[(k-1)7%-(k+1)]

=(k—-"Nkk + 1)+ 3(k2+ k)
=(k-"Nkk + 1)+ 3kk+ 1)
=kk + Nik-1)+ 3]

= k(k + 1)(k + 2) as required.

If the statement is true for n = k, then it is true for
n="Fk+ 1. Since itis true forn = 1, by induction it is true

for all positive integers n.

Show true forn =1
1
LHS = $1(2'-1) =1
r=1
RHS=1+2'1-1)=1

So result is true whenn = 1

Assume true forn =k
k
Yr2-)=1+2k-1)

r=1
Show true forn =k + 1
k+1
Aim: X2 1) =1+ 26Uk + 1) = 1) = 1+ 204 1(k)

r=1
k+1

k
= T2+ (k4 1)@k

1)+ (k + 1)(29

r

1
1+ 24k -

=1+ 2k-1)+(k+1)]
=1+ 2%2k)

=1+ k(2" x2)

=1+ (k)2k*" as required.

If the statement is true for n = k, then it is true for
n="Fk+ 1. Since itis true forn = 1, by induction it is true

for all positive integers n.

Exercise 26.5B

1.

Show true forn =1
1

1
LHS_,; 1M+1) 2
_1
1T+ 1 2

So result is true whenn =1

RHS =

Assume true forn = k

Z": 1

e+ 1)

Tk

Show true forn =k + 1
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A __k+1 _k+1

AM: Y v ) kN1 k+2
k+1 'I Zk 1
Sre+ 1) S e+ 1) (k+1)(k+1)+1
__k . 1
k+1 k+ Nk +2)
k+1[k+k+2
1 k(k +2) 1
k+1[ k+2 k+2]
k* + 2k + 1
k+1[ k+2 ]
(k+1)
k+ [k+2
k+1 .
= s 2asre<:|U|red.

If the statement is true forn =k, then itistrue forn =k + 1.
Since itis true forn = 1, by induction it is true for all positive

integers n.

2. Show true forn =1
! 1 1

LHS = 21 1M+1)1+2) 6
R L ) 1

T A1+ N1 +2) 6
So result is true whenn = 1
Assume true forn =k
2" 1 _ k% + 3k
Sorr+ N+ 2) 4k + Nk + 2)

Show true forn =k + 1
Al k+1 1
™ T e+ 2)

(R + 12+ 3k +1)
T MR+ )N+
k+1 ’I k 1
L+ )+ 2)
+[(k+1)(k+1)11][(k+1)+2]

k2 + 3k N 1

(k+1)(k+2) k+ 1)k + 2)(k + 3)

k?+ 5k + 4
4k + 2)(k + 3)

= T |3

k+‘|k2 k3]

[k2+3kk+3) N ]
k+3 k+3
[k3+6k2+9k+4 ]

k+1 (k +

2)
k+1k+2 k+3
(k + 1)(k? + 5k + 4)

k+3

k+1 k+2)
k? + 5k + 4

= m) as required.

If the statement is true for n = k, then it is true for
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n=k+1.Since itis true forn = 1, by induction it is true

for all positive integers n.

Show true forn =1

LHS = ﬁ; 1

S+ 2

1 1

RHS =1- ==

S a+n 2
So result is true whenn = 1

Assume true forn =k
k 1 1

21 rr+ 1) - k + 1)

Show true forn =k + 1

Aim: Y T o —] g
S ) (R + 1)+ 1! k + 2)!
k1 k k+1
,§r+1 21 r+1) (k + 1)+ 1)
1 k+1
=1- + —
R+ 1! (R + 2)!
B k+2 +(k+1)(k+1)
(k+2)k + 1! k+ Nk +2)
B k2 +2k+1-(k+2)
N k+ 1)k +2)
1
= ke
= as required.

If the statement is true forn = k, then itis true forn =k + 1.
Since itis true forn = 1, by induction it is true for all positive

integers n.

Show true forn =1

111 11-1
LHS = —— =0 RHS= —— =
= 1!

So result is true whenn =1

Assume true forn =k
kor—1 kI -1
Z [ .

= k!

Show true forn =k + 1
ketp 1 R+ 11

Aim: 3T k+ 1
K+ 1y _q koy_ (k+ M =1
L0 Tt ke
ki1 k
==+

KT R+ 1)
LRk 1) k

k+1 k)
kiR +1)—=(k+1)+k
- k+ 1)
k+1)1-1
- k+ 1)

as required.




If the statement is true for n = k, then it is true for
n=Fk+ 1. Since it is true forn = 1, by induction it is true

for all positive integers n.

Show true forn =1
1
LHS= ¥ 11x1=1

r=1

RHS=(1+1)-1=1

So result is true whenn =1
Assume true forn =k

k

Srir=Fk+1)-1

r=1

Show true forn =k + 1

Aim: kifr!r =R+ + DN =-N=Ck+2!-1
r=1

%11’!1’ = Zk: rir + (R + DIk + 1)

r=1 r

=k+ 1N _—11 +k+NDik+1)
=k+DMN+E+1N]-1
=k+NDk+2-1

= (k + 2)! - 1 as required.

If the statement is true forn =k, thenitistrue forn=k + 1.
Since itis true forn = 1, by induction it is true for all positive

integers n.

Show true forn =1
1
LHS = ¥ (12 + 1)(1)! = 2

r=1

RHS =11+ 1) =2
So result is true whenn =1

Assume true forn =k
k

> 2+ Drl=kk + 1)!

éﬁow true forn=Fk + 1

A 302 4 1) = (e + 1)k + 1) + 1)1 = (& + 1)k + 2!

kz”(ru )l = ﬁ(r2+ N+ (R + 12 + Dk + 1))
:l;(k + M+ ((I:-I-1 102+ )k + 1)
=k+NDk+(k+12+1)]

=(k + N[k + 3k + 2]

=k+Nk+2)Fk+1)

= (k + 1)(k + 2)! as required.

If the statement is true forn =k, thenitistrue forn=k + 1.
Since itis true forn = 1, by induction it is true for all positive

integers n.

Show true forn =1

11

LHS_,=131_3
1 1T 1.1
RHS =5 = 5 31727 %
1

So result is true when n =

1
3

Assume true forn = k
1

1
,§3'_2_ 2 x 3t

Show true forn =k + 1

1

2

1

- +
2 3x2x3k 2x3k+]
T

2 2x3k+1

1
2

R required.

|f the statementis true forn =k, thenitistrue forn=k + 1.
Since itis true forn = 1, by induction it is true for all positive

integers n.

Show true forn =1

1 142 1
LHS—EZ-2 RHS =2~ = =~

So result is true whenn = 1

Assume true forn = k

k ro_ _k+2
r=12¥ 2k
Show true forn =k + 1
ket R+1)+2
Aim: Lo D2 ) k3
o r + 2k+’|
"2":1L= L+k+‘F
7=127 ot 2r 2k+1
=2_k+2 k+1
2k 2k+1
o 2k+2) R+
I W13 + k1
L 2k+2)  k+1
- - 2k+1 + 2k+1
_5 2k +4 —(k + 1)
=2- |55
=2—k2+k+31 as required.

If the statement is true forn =k, then itistrueforn =k + 1.
Since itis true forn = 1, by induction it is true for all positive

integers n.

Proofs Answers 15




9. Show true forn =1

! 1 1
LHS= X ZJap-1 =3 RES= 500

So result is true whenn =1

w =

Assume true forn =k
D

Eoar_1 T 2k+1
Show true forn =k + 1

. k+1
Alm:; - 2(k+1)+1=
k+1 ’I k 1 1
Hoaro1 T A o1 AR+ 1721
B, 1
2k +1 (2k + 1)(2k + 3)
k(2k + 3) 1
Qk+ N2k +3) " (2k+ N2k +3)
@k + )k + 3)
T Rk+ N2k +23)
k+

=—13$re uired
2k + 3 S eaurec

k+1
2k + 3

If the statement is true for n = k, then it is true for
n==Fk+ 1.Since itis true forn = 1, by induction it is true

for all positive integers n.

10. Show true forn =1
12(1)72-1 1 12 1
IHS= Yy ——— = — - 1
S ,§1 121 +1)2 4 (1+12 4

So result is true whenn = 1

Assume true forn =k
Lo2rr-1 k?
o+ 1)?

T k+ 12

Show true forn =k + 1

A kf 21 k+1? (k1)
A Pr+12 (R+1)+12 0 (R+ 2P
ket 2p2 1 koo2r2 - 2k + 17 =1
L e T B T e Gk 1)+
_ k? . 2k? + 4k + 1
(kR + 1) (R + 1)k + 2)
k2(k + 2)? 2k? + 4k + 1

R+ 12k +27 (k+ 172k + 22
k(R + 2)? + 2R? + 4k + 1
- (k + 1)k + 202
k+ 1)
TR+ AR+ 22
(kR + 1)
T k+2p

as required.

If the statement is true for n = k, then it is true for
n=Fk+ 1.Since itis true forn = 1, by induction it is true
for all positive integers n.

16 Proofs Answers

11.

12.

Show true forn =1
1 1)(21 'I 21+1 1
LHS'E 1+20 2 RHS‘1‘(1+2)! 3

So result is true whenn = 1

Assume true forn =k
ZerZr _ 2k+1
S+ (R+2)

Show true forn =k + 1

. .k+1rx2r B
Aim: 2:1 +2) =1-
k+1rx27 k
r=1 (1’+2 r§1
2k+1

- +
(k + 2)!
2k+ 1k + 3)

2(k+1)+1 2k+2

(+1)+20 (k+3)
rox 2 (k+1)x2"””

(r+ 2)! (R +1)+2)
(k + 1) x 26+D
(& + 3)!
(k+ 1) x 26+1
k+2k+3) " (k+23)
2kt ik +3) = (k+ 1) x 2k+D
- (k + 2)l(k + 3)
2k k +3) = (k + 1)
- (k + 2k + 3)
Qk+1 % 1
T ok+ 2k +3)
2k+2

T k+3)

as required.

If the statement is true for n = k, then it is true for
n=Fk+ 1.Since itis true forn = 1, by induction it is true

for all positive integers n.

Show true forn =1
1 3(12+ 2 5
LHS = = = -2
S ,§1 1M+ +22 6

121 +3) 5

T+ +2) 6
So result is true whenn = 1
Assume true forn =k

k 3r+2 _
e+ D+ 2)

k(2k + 3)
(k+ Nk +2)

Show true forn =k + 1

Aim: 'y~ 2 (k+ D@k + 1) +3)
m: =

el DDk D2
T (k+2k+3)

ke1 3r+2 K 342

S+ 1g(k++21)_+,§1 rir+ 1)+ 2)

- R+NDkR+1+NDk+1)+2)

k(2k + 3) . 3k+5

(k+ 1)k + 2) k+ 1)k + 2)(k + 3)

k(2k + 3)(k + 3) 3k+5

R+ Nk +2)(k+3) R+ Nk + 2)(k + 3)




Rk +3)k+3)+3k+5
(R + Nk + 2k + 3)
(k+ Nk + 1)(2k + 5)
T k+Nk+2k+3)
(kR + 1)(2k + 5)

= m as required.

|f the statement is true for n = k, then it is true for
n ="k + 1.Since it is true forn = 1, by induction it is true

for all positive integers n.

Exercise 26.5C

1. Show true forn =1
7' =1 =6 = 6(1) which is divisible by 6.
Hence the statement is true forn = 1

Assume true forn =k
7¥ =1 = 6m where m € Z*

Show true forn =k + 1

Aim: 71— 1 = é6r where r € Z*

7k+1_’| =7kx71_1

TR = 71(7R =1

TR =77 =14+ 1)1

71 =T76m+1)-1
JEHT_1=7xbm+7x1-1

Tk _1=6x7m+6

7k+1 -1 = 6(7m + 1) which is divisible by 6

If the statement is true for n = k, then it is true for
n=Fk+ 1. Since itis true forn = 1, by induction it is true
for all positive integers n.

2. Show true forn =1
4" -1 = 3 = 3(1) which is divisible by 3.
Hence the statement is true forn = 1
Assume true forn =k
45— 1 =3mwherem e Z*
Show true forn =k + 1
Aim: 45+1 -1 = 3r wherer € Z*

qert 1 =4k x 411

4h1 1 = 41(ay — 1

G = A1+ 1) = 1

411 = 4GBm + 1) -1

G =4x3m+4x1-1

411 =3x4m+3

4k+1 1 = 3(4m + 1) which is divisible by 3

If the statement is true for n = k, then it is true for

n ="k + 1.Since it is true forn = 1, by induction it is true
for all positive integers n.

3.

Show true forn =1
5" + 3 = 8 = 4(2) which is divisible by 4.
Hence the statement is true forn = 1

Assume true forn = k
5k + 3 = 4m wherem € 7Z*

Show true forn =k + 1
Aim: 58+ + 3 = 4r wherer € Z*

5+t 43=5kx 543

54143 =5'(59 + 3
Bk+1+3=55+3-3)+3
5k+14+ 3 =5@m-3)+3
5k+14+3=5x4m-5x3+3
5k+1+3=4x5m-12

5k+1 4+ 3 = 4(5m - 3) which is divisible by 4

If the statement is true for n = k, then it is true for

n =k + 1.Since it is true for n = 1, by induction it is true
for all positive integers n.

Show true forn =1

6" + 4 =10 = 5(2) which is divisible by 5.

Hence the statement is true forn = 1

Assume true forn =k
6k + 4 = 5m wherem € Z*

Show true forn =k + 1
Aim: 68+ + 4 = 5r wherer € Z*

G+ 4=6"x6"+4

61+ 4=66N+4

61+ 4 =66k +4-4)+4
641+ 4= 6(5m—4)+4

6T+ 4=6x5m-6x4+4

6 1+4=5x6m-20

6+ 1 + 4 = 5(6m — 4) which is divisible by 5

If the statement is true for n = k, then it is true for

n ="k + 1.Since it is true forn = 1, by induction it is true
for all positive integers n.

Show true forn =1
52 + 7 = 32 = 8(4) which is divisible by 8.
Hence the statement is true forn = 1

Assume true forn = k
5% + 7 = 8m where m € Z*

Show true forn =k + 1
Aim: 5%+2+7 = 8rwherer € Z*

S%+2 4 7 = 5%k x 52 4 7
5%+2 47 = 52(5%) + 7
5%%24+7=25(5%+7-7)+7
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52%+24+7 =258m-7)+7
5%+247=25x8m-25x7+7

5%+24+7 =8 x 25m—168

5%+2 4+ 7 = 8(25m — 21) which is divisible by 8

If the statement is true for n = k, then it is true for
n =k + 1.Since itis true forn = 1, by induction it is true
for all positive integers n.

Show true forn =1
22 -1 = 3 = 3(1) which is divisible by 3.
Hence the statement is true forn = 1

Assume true forn =k

2% 1 =3mwherem e Z*

Show true forn =k + 1
Aim: 2%+2_1 = 3r wherer € Z*

22%k+2 _ 1 = 9% x 22 _ 1

2%+2 _ 1 = 2% _ 1

2%+2 _ 1 = 4(2% -1+ 1) -1
2%+2_1=4@Bm+ 1) -1

2%+2_ 1 =4 x3m+4x1-1
2%+2_1=3x4m+ 3

2%+2 _ 1 = 3(4m + 1) which is divisible by 3

If the statement is true for n = k, then it is true for
n="Fk+ 1.Since itis true forn = 1, by induction it is true
for all positive integers n.

Show true forn =1
42 -1 =15 = 15(1) which is divisible by 15.
Hence the statement is true forn = 1

Assume true forn =k
4% 1 = 15m where m € 7Z*

Show true forn =k + 1
Aim: 4%*+2 _1 = 15r wherer € Z*

42k+2 _ 1 = 4% x 42 _ 1

42+2 _ 1 = 42(42 _ 1
4421 = 16(4% 1 + 1) =1
42+2_1=16(15m + 1) -1

4%+2_1 =16 x15m+ 16 x 1 -1

42%+2_1 =15 x 16m + 15

42k+2 _ 1 = 15(16m + 1) which is divisible by 15

If the statement is true for n = k, then it is true for

n=k+1.Since itis true forn = 1, by induction it is true

for all positive integers n.

Show true forn =1
32-1 =8 =8(1) which is divisible by 8.
Hence the statement is true forn = 1

Proofs Answers
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Assume true forn =k

3% _1=8mwhereme Z*

Show true forn =k + 1
Aim: 3%*+2_1 = 8r wherer € Z*

32k+2_’| =32kx32_1

3%+2_ 1 = 32(3%) — 1
3%+2_1=9(3%-1+1)-1
3%+2_1=98m+ 1) -1
3%+2_1=9x8m+9x1-1
3%+2_1=8x9m+8

3%+2_1 = 8(9m + 1) which is divisible by 8

If the statement is true for n = k, then it is true for
n="Fk+ 1.Since itis true forn = 1, by induction it is true
for all positive integers n.

Show true forn =1
32+ 7 =16 = 8(2) which is divisible by 8.
Hence the statement is true forn = 1

Assume true forn =k

3% +7 =8mwherem e Z*

Show true forn =k + 1
Aim: 3%*+2 + 7 = 8r wherer € Z*

3%+247 =3%x32+7

3%+247 =343 +7
3%+247=93*%+7-7)+7
3%+24+7=9@8m-7)+7

3247 =9x8m-9x7+7
3%+247 =8x9m-56

3%+2 + 7 = 8(9m - 21) which is divisible by 8

If the statement is true for n = k, then it is true for
n="Fk+ 1.Since itis true forn = 1, by induction it is true
for all positive integers n.

Show true forn =1
8" - 3" =5 = 5(1) which is divisible by 5.
Hence the statement is true forn = 1

Assume true forn =k
8k — 3t = 5m where m € Z*

Show true forn =k + 1
Aim: 8k+1_3k+1 = 5y wherer € Z*

grk+1_3k+1 = 8k x 81 _ 3k x 31
8k+1_3k+1 = 81(8k) 3k x 3

gh+1 _ 3k+1 =8(8k_3k+3k)_3k x 3
k1 3k+1=8(5m + 34 -3t x 3

B! _3k+1=8x5m+8x3-3kx3
8k+1_3k+1 =5 x 8m + 38 - 3)
8k+1—3k+1 =5 x 8m + 3¥(5)



11.

12.

13.

8k+1—3k+1 = 5(8m + 3k which is divisible by 5

If the statement is true for n = k, then it is true for

n ="k + 1.Since it is true forn = 1, by induction it is true
for all positive integers n.

Show true forn =1

9" - 2" =7 =7(1) which is divisible by 7.

Hence the statement is true forn = 1

Assume true forn =k
9k — 2k = 7m where m € Z*

Show true forn =k + 1
Aim: 9%+ —2k+1 = 7y wherer € Z*

Qk+1 _ Qk+1 = Qk x Q1 _ Dk x D1

Qk+1 _ Dk+1 = QUQk) _ Dk x 2

Qk+1_Dk+1 = GOk _ Dk 4 D) _ 2k x 2

Qk+1 _2k+1 = 9(7m + 2k) — 2k x 2

Qk+1_2k+1 =9 x Tm + 9 x 2k -2k x 2

Qk+1 _2k+1 =7 x 9m + 29 - 2)

Qk+1 k1 =7 x 9m + 2K7)

Qk+1_2k+1 = 7(9m + 2*) which is divisible by 7

|f the statement is true for n = k, then it is true for
n=Fk+ 1. Since it is true forn = 1, by induction it is true

for all positive integers n.

Show true forn =1
91— 5" =4 = 4(1) which is divisible by 4.
Hence the statement is true forn = 1

Assume true forn =k
9k — 5k = 4m where m € Z*

Show true forn =k + 1
Aim: 9%+ 1 _5k+1 = 4y wherer € Z*

Qk+1 _Gk+1 = Ok x Q1 _ Gk x 51
Qk+1_Bk+1 = 9Ok _ 5k x 5

Qk+1_Bk+1 = QQk _ 5k 4 5k _ 5k x §
Qk+1_5k+1 = 9(Am + 5% -5k x5

Qk+1_Bk+1 =9 x 4m+ 9 x5-—-5kx5

Qk+1 _Bk+1 =4 x 9m + 549 - 5)

Qk+1_5k+1 =4 x 9m + 544)

Qk+1 _Bk+1 = 4(9m + 5*) which is divisible by 4

If the statement is true for n = k, then it is true for
n="Fk+ 1. Since itis true forn = 1, by induction it is true
for all positive integers n.

Show true forn =1
2" + 6' = 8 = §(1) which is divisible by 8.
Hence the statement is true forn = 1

14.

15.

Assume true forn = k
2k + 6% = 8m where m € Z*

Show true forn =k + 1
Aim: 2k*1 + 64+ 1 = 8r wherer € Z*

kT 4 phrT =2k x 21 4 b x 6

2K+ 4 kT = 212K 4 6k x 6

2+ 6h T = 2(2k 4 64— 68 + 6k x 6

b+ 4+ 6T = 2(8m + 6F) + 68 x 6

2551 4 6k T =2 % Bm + 2 x 6+ 6k x 6

26+ 4 65T = 8 x 2m + 642 + 6)

261 4 k1 =8 x 2m + 6(8)

281 4 6k 1 = 8(2m + 6 which is divisible by 8

If the statement is true for n = k, then it is true for
n ="k + 1.Since it is true for n = 1, by induction it is true
for all positive integers n.

Show true forn =1
8'— 2" = 6 = 6(1) which is divisible by 6.
Hence the statement is true forn = 1

Assume true forn = k
8k — 2k = 6m where m € Z*

Show true forn =k + 1
Aim: 8k+1 —2k+1 = by wherer € Z*

gk+1 _Qk+1 = gk x 81 _ 2k x 21

8+l _ Qk+1 = g1(8k) — 2k x 2

G+ 1 Dkl = 8(8k _ 2k 4 k) _ Dk x 2

8+ k1 = 8(bm + 2K — 2k x 2

1 _2k+1 =8 x bm+8 x 2k-2kx 2

81— 2k+1 =6 x 8m + 248 - 2)

8k+1_2k+1 =6 x 8m + 246)

8k+ 1 2k+1 = 6(8m + 2% which is divisible by 5

If the statement is true for n = k, then it is true for
n ="k + 1.Since it is true for n = 1, by induction it is true
for all positive integers n.

Show true forn =1
7"+ 4"+ 1 = 12 = 6(2) which is divisible by 6.
Hence the statement is true forn = 1

Assume true forn =k
78+ 4+ 1 = bm wherem € Z*

Show true forn =k + 1
Aim: 7k+1 + 4k+1 + 1 = b6r wherer € Z*

TErT 4 4R+ 1 =Tk x 71+ 4k x 47 4+ 1

TErT 4 4R 4 = TUTH) 4+ 4k x 4+ 1
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TRl A e = 77 A -4 1) + 4 x4+
Tl T = 7(bm = B 1) + 4 x 4+ 1

TRl 4 4kt 4 1 =7 x bm—T7 x 4 =7 x 1+ 4k x 4 + 1
TRV AT 4 1 =6 x Tm+ AH-T + 4) + (-7 + 1)

TRl 4 4T 41 =6 x Tm + 44-3) - 6

7T+ 4 1] = 6 x Tm + (294=3) - 6

7T 4 1] =6 x Tm + 22(=3) = 6

TET A 1 =6 x Tm+ 20 x 2%-1(=3) = 6

TErT 4 4k 41 =6 x Tm + 2% 1(-6) - 6

TR 4 4k 41 = 6(7m — 221 — 1) which is divisible by 6

If the statement is true for n = k, then it is true for
n="Fk+ 1.Since it is true forn = 1, by induction it is true
for all positive integers n.

16. Show true forn =1
4" + 6(1) = 1 = 9 = 3(3) which is divisible by 3.
Hence the statement is true forn = 1

Assume true forn =k
4k + 6k — 1 = 3m wherem € Z*

Show true forn =k + 1
Aim: 417 + 6(k + 1) - 1 = 3r wherer € Z*

41 4 bk + 1
41 4 bk + 1

k+1)=1=4x 4"+ 6k+6-1
(R+1)-1=4"45+6k+5
41+ 6k +1)—1=4(4"+6k-1-6k+ 1)+ 6k+5
41 4 bk+1)-1=4B8m—-6k+ 1)+ 6k+5
4k 4 6k +1)=1=4x3m—-4xb6k+4x1+6k+5
( )=
( ) -
( )=

451 4+ 6k +1)=1=4x3m+ 6k(-4 + 1) + (4 +5)
41 4+ bk +1) =1 =3 x 4m + 6k(-3) + 9
41 1+ 6k + 1) = 1 = 3(4m — 6k + 3) which is divisible by 6

If the statement is true for n = k, then it is true for
n="Fk+ 1.Since itis true forn = 1, by induction it is true
for all positive integers n.

17. Show true forn =1
5"+ 8(1) + 3 = 16 = 4(4) which is divisible by 4.
Hence the statement is true forn = 1

Assume true forn =k
5k + 8k + 3 = 4m wherem € Z*

Show true forn =k + 1
Aim: 5817 + 8(k + 1) + 3 = 4r wherer € Z*

Sk+1+8k+1)+3=5:x5"+8k+8+3
Sk+1 4+ 8k + 1)+ 3=5"5%+8k+ 11
Skl 4+ 8k+1)+3=55"+8k+3-8k-3)+8k+11
Sk+1+8k+1)+3=54m-8k—-3)+ 8k + 11
( )

Bk+1+8k+1)+3=5x4m-5%x8k+5x%x3+8k+ 11
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S5kl 4 8k +1)+3=4x5n+8k(-5+1)+
S5k+1 4 8k + 1)+ 3 =4 x 5m + 8k(-4) —
Skl 4+ 8(k + 1) + 3 = 4(5m — 8k — 1) which is divisible by 4

=15+ 11)

If the statement is true for n = k, then it is true for
n="Fk+ 1.Since itis true forn = 1, by induction it is true
for all positive integers n.

Show true forn =1
13—1 + 3 = 3 = 3(1) which is divisible by 3.
Hence the statement is true forn = 1

Assume true forn =k
k3 -k + 3 =3mwherem € Z*

Show true forn =k + 1

Aim: (k + 12 -(k+ 1)+ 3 =3rwherere zZ*
kR+1P-k+1)+3=Fk+3k2+3k+1)-k-1+3
(R+1)- (k+1)+3 k3 + 3k?+ 2k + 3
R+1P-Gk+1+3=(Kk-k+3)+3k?+3k
(kR + 13— (k+1)+3 3m + 3(k? + k)

( )

(k+ 1) —(k+ 1)+ 3 =3(m+ k? + k) which is divisible by 3

If the statement is true for n = k, then it is true for
n=Fk+ 1. Since it is true forn = 1, by induction it is true

for all positive integers n.

Exercise 26.5D

1.

Show true forn =1

LHS RHS
s ()

Hence the statement is true whenn = 1

Assume true forn =k

#(3%)

Show true forn =k + 1

Aim: Bk = (3) k-"|-1)

Bk+1=kaB

~(o1)(0 1)
(o 7")

=(1 k+1

0 1 )asrequired,

If the statement is true for n = k, then it is true for
n =k + 1.Since itis true forn = 1, then by induction it is
true for all positive integers n.



2. Show true forn =1 Assume true forn =k
LHS RHS ko1 _ 2k
RHS e (3153

a-a-(37) (6 °7)-G1 e

) Show true forn =k + 1
Hence the statement is true whenn = 1

k+1 _ k+1
Assume true forn = k Aim: D** " = (30 ! f )
k Sk _
Ak=(50511) Dk+1=DkxD
how true forn = k + 1 S (3 =33 -
Show true forn + (O 1 )(O
. Bkl BEeT 3Fx3 2x3t+(1-3Y
. k+1 — -
Aim: A ( 0 1 ) _( 0 1 )
AT = Ak x A _(3k+1 —3x3k+1)
_ (Sk 5"—1) 5 4) 3121 1 3k1+1
0 1 01 =( 0 - )as required.
=(5kx5 4x5k+5k-1) !
0 1 If the statement is true for n = k, then it is true for

k+1 k _
= (5 0 > ? 1) n="Fk+ 1. Since itis true forn = 1, then by induction it is
_ (5k0+1 5k+jl_ 1 ) as reqired. true for all positive integers n.

. . 5. Show true forn =1
If the statement is true for n = k, then it is true for

n=Fk + 1. Since itis true forn = 1, then by induction it is LHS RHS
true for all positive integers n. 12 5 8 (1 +4(1) (1) ) _(> 8
P r=1=(53) 21) 1-4(1) (% 5)
5 Showtrue forn = 1 Hence the statement is true whenn = 1
LHS RHS Assume true forn =k
1+4k 8k
20 ]k =
1 = —
C'C‘(-1 1 (1_21 ) ( ( -2k 1—4k)
Hence the statement is true whenn = 1 Show true forn = k + 1
Assume true forn =k T+4k+1) 8k+1)
Aim: Jk+1 = ( ) =
20 2k+1) 1-4k+1)
k —
C-( o ) (4k+5 8k+8)
—2k-2 -4k -3
Show true forn =k + 1 -
' . okl Jort=]x]
Aim: C =(1_2m1) =(1+4k 8k )(5 8)
2k 1-4k/\-2 -3
Ck+1=Chkx C _((1+4k) x 5-2(8k) 8 x (1 + 4k) - 3(8k)
( )( < 5(-2k) = 2(1 — 4k)  8(=2k) — 3(1 — 4k) )
4k+5 8k+8 .
_ ok =
(1 22ka ) (—2k—2 —4k—3) as required.
\2 ;k 91 - 2(1;) -1 If the statement is true for n = k, then it is true for
= (1 _ k1 1) as required. n=k+ 1. Since itis true for n = 1, then by induction it is
If the statement is true for n = k, then it is true for true for all positive integers n.
n="Fk+ 1. Since itis true forn = 1, then by induction it is 6 Show true forn = 1
true for all positive integers n.
LHS RHS
4. Show true forn =1 s _-_(10 1 o0y _,10
LHs RUS F=F=( 5 (122 2)=(5 %)
= — Hence the statement is true whenn = 1
32 3" 1-3 3 -2 A _
T=p= = ssume true forn = k
p'=p=(3 7 G '77)=-G7)
Hence the statement is true whenn = 1 Fr= ( 1 0 )
12k 2k
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Show true forn =k + 1

Aim: Ft+1 = (’I _12,”1 2’9”)

Fk+1=FkxF

- (1 —12k gk) -11 g)
1 0

N (1-2k-2k 2x2k)

=(1-21x2k 282k)

= (1 _12,”1 2‘9”) as required.

|f the statement is true for n = k, then it is true for
n=Fk+ 1. Since itis true forn = 1, then by induction it is

true for all positive integers n.

Show true forn =1

LHS RHS
22 20201\ 2 2

T =

p'=D= (3} (o 1 ) (o1

Hence the statement is true whenn =1

Assume true forn =k

o= (57

Show true forn =k + 1

2k+1 2(2k+1 _ 1))

Aim: Dk*1 = (
im 0 :

Dkt =Dk x D

~ (2k 2(2k-1))(2 2

“\o 1 01

_(2x2 2kx2+2(2k—1))
0 1

_(2x2 2x2k+1-2)>

0 1
=(2k+1 2(2k+1_1)
0 1

|f the statement is true for n = k, then it is true for

) as required.

n =k + 1. Since it is true for n = 1, then by induction it is

true for all positive integers n.

Show true forn =1
LHS RHS
1 -1 11=-2 1 -1
1= =
¢=6=(y 5 (o' 2 )=(07)
Hence the statement is true whenn =1

Assume true forn =k

o (313)

Show true forn =k + 1

1 1_2k+1)

Aim: G++' = (0 ohe
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10.

Gk+‘|=kaG

-(5'27)(0 )

_ (1 1+2x(1 -2k))
PP

=(0 k1 )

_ (1 =2k
(O 2k+1

If the statement is true for n = k, then it is true for

) as required.

n=Fk+ 1. Since itis true forn = 1, then by induction it is
true for all positive integers n.

Show true forn =1

LHS RHS
1
Gl (0F)-GY)

Hence the statement is true whenn =1

Assume true forn = k

1
B <3k 5(3k-1)>
0

Show true forn =k + 1

1
Al B+ = <3k+1 E(3k+1 _ 1))

0 1
Ek+1=EkxE
1
(3 =3 =1)\ /3 1
‘( 2 >(o1
0o 1
_ (3kx3 3k+%(3k-1)>
0 1
N 1
k+1 k —) _ —
=<3 3(1+2) 2)
0 1

3 1
k+1 =(Qk) _ —

_ <3 53) 2>
0 1

k+1 —(Qk+1 _
=<3 1 2(3 1 1)> as required.

0 1
|f the statement is true for n = k, then it is true for

—_

n=k+ 1. Since it is true for n = 1, then by induction it is

true for all positive integers n.

Show true forn =1

LHS RHS

Z (1)) (3(3?1-1) (1)) - (2 g

Hence the statement is true whenn = 1

I'=1=

Assume true forn =k

1= (3(3?- 1) ?)




11.

Show true forn =k + 1

3k+1 0)

ime Jkt1 =
Aim: I (3(3,“1_1) 1

Ik+1=IkXI

_( ¥ 0 30)

“ 3= 1) 6 1

B 3tx 3 0

_<3XB(3k—1)+61)
3k+1 0

=(3x3(3k—3)+3(2) 1)

3k+1 0
= (3(3k+1 _) 1) as required.
If the statement is true for n = k, then it is true for
n="Fk+ 1. Since itis true forn = 1, then by induction it is
true for all positive integers n.

Show true forn = 1

LHS RHS
111 11%(1)(1+1) 111
e (310) (512 (61)
001 00 1 001

Hence the statement is true whenn =1

Assume true forn =k

1k %k(k+ 1

k=
K=lo1 &
00 1
Show true forn =k + 1
1 k+1) %(k+’l)((k+’|)+1)
e KR =
Aim: K 0 1 (k+1)
0 0 1
1 k+1) %(k+1)(k+2)
0 1 k+1)
0 0 1
Kk+1=kaK

1 k%k(k+1) 111
<01 1)
001
l(k+1)+k+1
2
0 1 k
0 0 1

0 k

0 0 1

1 (k+1) %[k2+3k+2]
0o 1 k

0 O 1

(’I k+1) %[k(k+ 1) + 2k + 2]

1T (k+1) %(k+ Nk + 2)
=10 1 (k+1) as required.
0 o0 1

|f the statement is true for n = k, then it is true for
n="Fk+ 1. Since itis true forn = 1, then by induction it is

true for all positive integers n.

12.  Show true forn =1

LHS RHS
112 11 %(1)2+3(1)) 112
L1=L=<o11> o ] =<o11>
001 00 : 001

Hence the statement is true whenn = 1

Assume true forn = k
1k %(kz + 3K)

k —
L 01 k
00 1
Show true forn =k + 1
1 kR+1) l((k+1)2+3(k+1))
Aim: L1 = 2
’ 0 1 k+1)
0 O 1
1 k+1) %(k2+5k+4)
0 1 R+ 1)
0 O 1
Lk+1=kaL

k2+3k 112
(O1 1>
001
kR+1) (k+1)+k+1
k
1
<1 k+1) [k(k+1)+2k+2]

k
1

[k2 + 3k + 2]

k
1

1T k+1) E(k2+5k+4)
0 1 k+1) as required.
0 O 1

If the statement is true for n = k, then it is true for
n="Fk + 1. Since itis true forn = 1, then by induction it is
true for all positive integers n.
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Exercise 26.5E

1. n=1
LHS RHS
3'=3 2 +1=3

3 = 3 so statement is true forn = 1

Assume true forn =k

3= 2k

Show true forn =k + 1

Aim: 3k1 > 2(k + 1)

3k+1 i 3 X 3k

3 x 3> 3 x (2k)

3x3k>6k>2k+1)

|f the statement is true for n = k, then it is true for
n=Fk+ 1. Since itis true forn = 1, by induction it is true

for all positive integers n.

2. n=7
LHS RHS
7! = 5040 37 =2187

5040 > 2187 so statement is true forn = 7
Assume true forn =k

k! = 3t

Show true forn =k + 1

Prove (k + 1) > 3k+1

R+ 1=(k+1) xEk!

(k+ 1) xkl>((k+1)x 3k

Sincen=7,(k+ 1) x 3> 3k+1

(R + N> 3k+1

If the statement is true for n = k, then it is true for
n="Fk+ 1. Since it is true forn = 1, by induction it is true

for all positive integers n.

3. n=3
LHS RHS
23=8 23)=6

8 > 6 so statement is true forn = 3
Assume true forn = k

2k > 2k

Show true forn =k + 1

Aim: 2641 2(k + 1)

2k+‘| = 2 X 2k

2 x 28> 2 x (2k)

2 x 2k > 4k
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Sincen>7,4k>2(k + 1)

2x2k>2(k +1)

|f the statement is true for n = k, then it is true for

n ="k + 1.Since it is true forn = 1, by induction it is true

for all positive integers n.

n=5
LHS RHS
2°=32 52=125

32 > 25 so statement is true forn = 5

Assume true forn = k

2k > k?

Show true forn =k + 1

Aim: 281 > (R + 1)?

2k+1 =2 x 2k

2 x 2k>2 x k?

Sincen =5, 2k? > (k + 1)?

2x2k>(k+1)2

If the statement is true for n = k, then it is true for
n=k+ 1. Since itis true for n = 1, by induction it is true

for all positive integers n.

n=4
LHS RHS
34 =181 (4+M=120

81 < 120 so statement is true forn = 5

Assume true forn =k

k< (k+ 1M

Show true forn =k + 1

Aim: 3T <(k+ 1+ N =(k+2)!

3k+1 = 3 X 3k

3x3k<3x(k+ 1N

Sincen=>4,k+ 1) <(k+2)!

3 x3k<(k+2)2

If the statement is true for n = k, then it is true for
n=Fk+ 1. Since itis true forn = 1, by induction it is true

for all positive integers n.

n=7
LHS RHS
6! =720 63 =216

720 > 216 so statement is true forn = 6
Assume true forn =k
k! > k3



Show true forn =k + 1
Prove (k + 1)! > (k + 1)3
k+M=k+1)xk!
k+ 1) xkl>k+1) xk
Sincen=6,(k+ 1) x k3>
R+ M>k+1)3

If the statement is true for n = k, then it is true for

R+ 1)

n="Fk+ 1. Since itis true forn = 1, by induction it is true

for all positive integers n.

n=1
LHS RHS
1M=1 1=

1 =1 so statement is true forn = 1
Assume true forn = k

k! <k

Show true forn =k + 1
Prove (k + 1)! < (R + 1)+ D
(k+1)=(k+1 xEk

R+ 1) xkl<(k+1)xkt
Sincen=>1,(k+ 1) x kk<
R+ >R+ 1k+D

If the statement is true for n = k, then it is true for

(k + 1)k

n="Fk+ 1. Since itis true forn = 1, by induction it is true

for all positive integers n.

n=1
LHS RHS
6(6) + 6 =42 26 =64

42 < 64 so statement is true forn = 6

Assume true forn = k

6k + 6 < 2

Show true forn =k + 1

Prove 6(k + 1) + 6 < 2k+D
bk+1)+6=(6k+6)+6

(bk + 6) + 6 <2+ 6

Sincen =6, 2k+ 6 < 2k+"

bk + 1) < 2k+D

If the statement is true for n = k, then it is true for
n="Fk+ 1.Since itis true forn = 1, by induction it is true

for all positive integers n.

10.

n=1

LHS RHS
" 1, 1
1= —17=—
4 20 2

1 > — so statement is true forn = 1

N

Assume true forn =k
k 1
—L2
y§1r > 2k

Show true forn =k +1
k+1

Prove 2r> (k +1)2
r‘l

k+1

Er—2r+ (k+1)

r=
k+1

PP
r§r> 2k +

Sincen = 1,%k2+(k+ 1)

k+1

Zr>

If the statement is true for n = k, then it is true for

k+1)
>%(k2+2k+ 1)

(kR + 1)

n="Fk+ 1. Since itis true forn = 1, by induction it is true

for all positive integers n.

n=1
LHS RHS
212=1 1()(1+1)2=1

1 = 1 so statement is true for n="1
Assume true forn =k
k
312 > ik + 1)
r=1 4

Show true for n=~k+1

Prove 2r> k+12k+1+1)2
r‘l

k+1
ISP

r=1

k+1

Zr2>—k(k+ 1?2+

+(k+1)7?

(kR + 1)

Sincen = 1,Zk(k PP+ (kRS %(k + 1)k + 20

k+1 1
Zr Zk+ Nk + 2)

If the statement is true for n = k, then it is true for

n="Fk+ 1. Since itis true forn = 1, by induction it is true

for all positive integers n.

Exercise 26.5F

1.

n=1

LHS RHS

d

—_ = 4e4x 4184x = 4e4x
dx

Result is true forn = 1
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Assume true forn =k
d
e 4x — 4ke 4x

dxk

Show true forn =k + 1
k+1

d
Prove — e % = 4k+ g4

dk1

A A
dxt ! dx \dxt

- %(4% %)

=4 x 4ke4x

= 4k+ e as required
If the statement is true for n = k, then it is true for
n="Fk+ 1. Since it is true forn = 1, by induction it is true

for all positive integers n.

n=1
LHS RHS

d
—_=e"+xe* (1+x)ex=e*+xe*

dx

Result is true forn = 1

Assume true forn =k
k

d—xe" =(k + x)e* =ke* + xe*

d k
Show true forn =k + 1
k+1
Prove er* =k+1+x)e*
dk+1 d dk
" )
= %(ke" + xe”)

=ke* +e* + xe*

= (k + 1 + x)e* as required

If the statement is true for n = k, then it is true for

n =k + 1. Since it is true forn = 1, by induction it is true

for all positive integers n.

n=1

LHS

(cosO +isin0)' = (cosO +isin0)

RHS

(cos(1)0 + isin(1)0) = (cosO + isin 0)

Result is true forn = 1

Assume true forn =k

(cos© + isinB)k = (cos kO + 1 sin kO)

Show true forn =k + 1

Prove (cos0 + isin0)*" = (cos (k + 1)0 + isin (k + 1)0)
(cos O +1isin@)* " =(cosO + 1sinB) x (cosO + isinb)
= (cos kO + 1sin kO) x (cosO + isin0)

= cos kO x cosO + coskO x isin0® + isinkO x cosO + isin

Proofs Answers

kO x isin 6

= (cos kO x cos O —sin kO x sin 0) + i(cos kO x sinO + sin
kO x cos0)

=cos(k + 1)0 + isin (k + 1)0 as required

|f the statement is true for n = k, then it is true for

n ="k + 1.Since it is true forn = 1, by induction it is true

for all positive integers n.

n=1
LHS
dy dy dy
(xy+3y—1)—>y+xd +3E O—>a(x+3)+y=0
RHS dy d% dy
(x+3)a+()d0 _)E(x+3)+y=0

Result is true forn = 1

Assume true forn =k g
N A A

d ——xy+3y=1) =

dx* dxk dxk-1
Show true forn =k + 1 y
P . 3 1) =( +3)dk+ +k+1) —kl =0
+ = =

rove dxk“(xy y X D
dk+1 d dk
W(xy+3y= ’I)=E(@(xy+3y= 1))

d dy  dey
=dx<(x+3)dxk R )

dy oy dy
=dxk+(x+3)dk+1 kdk 0

dk+1 d
(x+3)d Tkt 1)51’{ 0 as required

|f the statement is true for n = k, then it is true for
n ="k + 1.Since it is true forn = 1, by induction it is true

for all positive integers n.

n=2
LHS RHS
2
I ~(sin 3x) = -9 sin 3x (—’I)%><32 xsin 3x = =9 sin 3x

Result is true forn = 2

Assume true forn =k

d* i
—sin 3x = (-1)2 x 3k x sin 3x

dxt

Show true forn =k + 2
dk+2 he2

Prove Ssin3x = (=1) 2 x 3k+2 x sin 3x
dxk+

dk+1

dx’”‘sm 3x = dd (diksm 3x)

= %((—1)2 x 3k x sin 3x)



= (-1)2 x 3% x cos 3x x 3
= (-1 )§ x 3k+1 x cos 3x

dk+2 d &
dxk+25|n 3x = E((—’I)2 x 3k+1 x cos 3x)

= (-1 )z x 3k+1 x sin 3x x 3 x (-1)

k+2
=(=1) 2 x 3**2 x sin 3x as required

If the statement is true for n = k, then it is true for
n="Fk+ 1.Since itis true forn = 1, by induction it is true

for all positive integers n.

Exercise 26.6

26.1

(a)

26.2

26.3

(a)

(b)

n =2k

(b) n=2k+1
Then7n+ 4 =7(2k) + 4

Then 8n-2=82k+1)-2

= 2(7k + 2) which is even.

=16k + 6

= 2(8k + 3) which is even.

x =5is a counterexample

Assume x is irrational then x + 2 is rational

Th 2=4
enx + b

x=ﬂ—2

b

a—

where a and b have no common factors.

This contradicts the assumption that x is irrational. Our
assumption must be false and the original statement is

proven true.

Contrapositive: 'If x is even, then 7x = 5 is even’.

x =2k

7x —-5=7(2k) -

=14k -5

= 2(7k - 3) + 1 which is odd.

Contrapositive is true therefore original statement is

true.

Contrapositive: ‘If x is odd, then x? - 3x + 5 is odd’
n=2k+1
x?=3x+5=(2k+1)>—
=4k* -2k + 3

=2(2k2 -k + 1) + 1 which is odd.

32k + 1)+ 5

= be which is rational since ifa, b € Z thena-2beZ.

Contrapositive is true therefore original statement is

true.

26.5A Show true forn =1

LHS RHS
P 1-3(1) -1 o
A1=A=(9241 ( 9(1) 3(1)+1> (9241

Hence the statement is true whenn = 1

Assume true forn =k

Ak=(1;k3k 3k_li1>

Show true forn =k + 1

i gt = (13— e+ )
m: ‘( 9k + 1) 3(k+1)+1>
=(—2—3k —(k+1))

9%k +9 3k+4
Ak+1=AkxA

=(1—3k -k )(—2 —1)

9%k 3k+1/\9 4

(2% (1=3R) + 9 x (k) =1 x (1-3k) + 4 x (-k)

_<—2x9k+9x(3k+1) —1><—9k+4><(3k+1)>

=(—2—3k —1—k)
9%k +9 3k+4

_ (—2—3k —k+1)

ok+9 3k+4 ) as required.

If the statement is true for n = k, then it is true for
n =k + 1. Since itis true for n = 1, then by induction it is
true for all positive integers n.

26.58 Show true forn =1

LHS = Y101+ 4)=5

RHS =%€1)(1 + 1)(2(1) +13) =
So result is true whenn =1
Assume true forn =k

ir(r + 4) = %k(k + 1)(2k + 13)

r=1
Show true forn—k+1
k+1
Aim: 2 (r + 4) ——(k+1)((k+1)+1)( (k+1)+13)=%
k+ 1)(k+2)(2k+15)

1

B
+

r(r + 4) = ir+4 +k+k+1)+4)

~
[

k(k + 1)(2k + 13) + (k + 1)(k + 5)

(kR + 1)[k(2k + 13) + 6(k + 5)]

—\O\|—\O~|—‘0\|—\“

(k + 1)[2k2 + 19k + 30]

= Z(k + 1)(k + 2)(2k + 15) as required.

If the statement is true for n = k, then it is true for
n="Fk+ 1. Since itis true forn = 1, by induction it is true
for all positive integers n.
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